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Abstract
The sum of the areas of (2n+ 2)-length Dyck paths, or total area, is equal to the number of
points with ordinate 1 in Grand-Dyck paths of length 2n + 2, n¿ 0. A bijective proof of this
correspondence is shown by passing through an auxiliary class of marked paths. The sequence
of numbers 1; 6; 29; 130; 562; : : : counts the total area of (2n+2)-length Dyck paths as well as the
number of points having ordinate 0 and which satisfy an additional condition, on 2n-length paths
made up of rise and fall steps. First, a bijection between these points and the triangles constituting
the total area of (2n+2)-length Dyck paths is established, and then the correspondence between
the above-mentioned points and the points with ordinate 1 on (2n+2)-length Grand-Dyck paths
is shown. c© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
Catalan numbers probably represent the most frequently occurring sequence after
binomial coe8cients. They appear in the enumeration of lattice paths, parallelogram
polyominoes, ballot sequences, 9uctuations of the lead, Young tableaux, stack sortable
permutations, triangulations of an n-gon, increasing functions, binary trees, just to men-
tion a few examples. A collection of 66 combinatorial interpretations of the Catalan
numbers is presented in [17]; we cite [1,5,8,9,18,22] in order to provide a more com-
plete and diversi>ed bibliography. Catalan numbers are de>ned recursively by C0 = 1
and Cn+1 =
∑n
k=0 CiCn−i. The >rst few terms are 1; 1; 2; 5; 14; 42; 132; : : : (sequence
M1459 in [16]) and the well-known general term is Cn=1=(n + 1)(
2n
n ), while their




Among the structures counted by Catalan numbers, an important role is played by
Dyck paths, which themselves have a vast literature. Di@erent aspects of these combi-
natorial objects are studied, such as their random generation, the bijections with other
combinatorial structures, the enumeration according to a great variety of parameters,
giving rise to nice statistics involving well-known numbers like Narayana numbers
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(see [19,20], for an example). We refer to [6] for some enumerative results and a vast
bibliography concerning the enumeration of Dyck paths.
We focus on the parameter “area of Dyck paths”, that is the area of the region
bounded by a path and the x-axis. The study of this area is an autonomous problem in
lattice path theory [12,13,21], and it is also related to other problems in Combinatorics,
Computer Science and Economics. For example: the area has connections with the
number of inversions in permutations; the recurrences related to the area are the same
as those obtained in the analysis of the internal path length of various kinds of trees;
the area of particular paths is related to the study of unbalanced periods in economic
phenomena having an equally probable and random distribution of demand and supply
[11]. The problem of lattice path areas has been studied in a q-analogue context as it
naturally leads to q-formulas enumerating combinatorial objects according to di@erent
parameters, besides the area itself; we mention here [2,3,7].
The sum of the areas of the Dyck paths of length (2n+ 2) is An+1 =4n+1 − ( 2n+3n+1 )
as proved in [13] and 4n for Dyck paths which touch the x-axis only at the end-points
[23], the so called elevated Dyck paths. These results give some information about
the mean distance of vertices on Dyck paths from the x-axis, averaged over all Dyck
paths of >xed length. The moments of these distances are studied in [4]. In [10] the
authors give a generating function for Dyck paths with a >xed area and in [15] moment
formulas for generalized Catalan numbers are found.
This paper tackles the problem of the sum of the areas of Dyck paths in a bijective
way, showing that it corresponds to the number of points with ordinate 1 in Grand-Dyck
paths. We present two bijections. The >rst one shows that the total area of (2n+ 2)-
length Dyck paths is equal to the number of points with ordinate 0 with an additional
condition on 2n-length paths made up of rise and fall steps. The second bijection takes
each of these points and makes it correspond to one and only one point with ordinate
1 on a Grand-Dyck path.
2. Notations and denitions
In the combinatorial plane =Z×Z, we will use lattice paths with two step types:
a rise step de>ned by (1; 1), and a fall step de>ned by (1;−1).
Let F2n be the set of all the unrestricted lattice paths which run from (0; 0) to the
line x=2n and which use the steps (1; 1) and (1;−1); of course |F2n|=4n (see Fig. 1).
The set G2n of Grand-Dyck paths, or binomial paths [5, p. 20], contains the paths
that run from (0; 0) to (2n; 0), n¿ 0, and use the steps (1; 1) and (1;−1); of course
|G2n|=(2nn ) (see Fig. 2)
A Dyck path is a sequence of rise and fall steps running from (0; 0) to (2n; 0) and
remaining weakly above the x-axis (see Fig. 3). The number of 2n-length Dyck paths
is the nth Catalan number 1=(n+ 1)( 2nn ). An elevated Dyck path is the path obtained
from a Dyck path by adding a rise step to its beginning and a fall step to its end.
The region bounded by a Dyck path and the x-axis is the area of the path. The unit
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Fig. 1. A path P in F28 with depth (−3) and 5 points which can be marked.
Fig. 2. A path G in G32 with depth (−3) and 8 points which can be marked.
Fig. 3. A Dyck path of length 32 and area 52.
measure is a triangle whose vertex coordinates are either (x; y), (x+1; y+1), (x+2; y)
or (x; y), (x − 1; y + 1), (x + 1; y + 1). We call the >rst type an up triangle and the
second type a down triangle. Fig. 3 shows a Dyck path of area 52.
We de>ne the depth of a path as the lowest ordinate of its points and refer to the
concatenation of two paths P and P′ as the operation which glues the >rst point of
P′ to the last one of P.
The set F•2n denotes the paths in F2n with a single distinguished, or marked, point
that satis>es the following two conditions: its ordinate is equal to 0 and the depth of
the path on its left is greater than or equal to (−1) (see Fig. 1). The set G•2n denotes the
paths in G2n with a single distinguished, or marked, point having ordinate 1 (see Fig. 2).
Let fn= |F•2n| and gn= |G•2n| then An+1 =fn= gn+1: the >rst equality is proved in
Section 4 and the second one in Section 5.
3. A bijection for the total area of elevated Dyck paths
In this section we use the procedure described in [14] for elevated Dyck paths
in order to establish a bijection between the triangles constituing the total area of
(2n + 2)-length elevated Dyck paths and paths in F2n, n¿ 0, this proves again that
the sum of the areas of elevated Dyck paths of length 2n+2 is 4n. See [14] for further
details and proofs. The bijection we introduce is used in the next section to establish
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a bijection between the triangles constituting the total area of (2n + 2)-length Dyck
paths and the paths in F•2n, n¿ 0.
We partition the triangles decomposing the area of elevated Dyck paths into three
sets. The set T(n)1 contains the up triangles that touch the path on their right side; T
(n)
2
contains the up triangles that do not touch the path on their right side. Each triangle
in T(n)2 has on its right a down triangle, whose set we call T
(n)
3 (see Fig. 4).
Referring to (2n+2)-length elevated Dyck paths, we show that the triangles in T(n)1
are in bijection with the paths in F2n having >nal ordinate 0, the triangles in T
(n)
2 are
in a one-to-one correspondence with the paths belonging to F2n with >nal ordinate
(2y+2), y¿ 0; and the triangles in T(n)3 are in bijection with the paths in F2n with
>nal ordinate −(2y + 2), y¿ 0.
3.1. Triangles in T(n)1
Suppose that (x; y), (x+1; y+1), and (x+2; y) are the vertices of a triangle in T(n)1
under an elevated Dyck path C of length 2n + 2. Let Q denote the point (x + 2; y).
To obtain the corresponding path C′ in F2n with >nal ordinate 0 we >rst delete the
initial rise and >nal fall step of the subpath of C that precedes Q and then interchange
this path and the subpath of C that follows Q (see Fig. 5).
3.2. Triangles in T(n)2
Suppose that (x; y), (x + 1; y + 1), and (x + 2; y) de>ne a triangle in T(n)2 under
an elevated Dyck path C of length 2n+ 2. We draw a line of slope 1 from the point
(x + 2; y). This line meets the path C for the >rst time at a point on C, labelled Q.
Next we draw y+1 horizontal rays to the right from the center of the chosen triangle
and from the center of each triangle beneath it. Each of these rays meets, for the >rst
time, a fall step in C which we change into a rise step. We then delete the initial rise
and >nal fall step of the subpath of C that precedes Q and interchange it with the
modi>ed subpath following Q to obtain a path C′ in F2n with >nal ordinate 2y + 2
(see Fig. 6).
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Fig. 5. A triangle in T(n)1 and the corresponding
path in F2n with >nal ordinate 0.
Fig. 6. A triangle in T(n)2 and the corresponding
path in F2n with positive >nal ordinate.
3.3. Triangles in T(n)3
Suppose that (x; y), (x− 1; y+1), and (x+1; y+1) de>ne a triangle in T(n)3 under
an elevated Dyck path C of length 2n+ 2. The corresponding path in F2n with >nal
negative ordinate is obtained by re9ecting in the x-axis the path in bijection with the
up triangle (x − 2; y), (x − 1; y + 1), and (x; y) in T(n)2 .
4. A bijection for the area of Dyck paths
In this section we prove the equality An+1 =fn by describing a sequence of steps able
to make each triangle, forming up the area of (2n+ 2)-length Dyck paths, correspond
to one and only one path in F•2n, n¿ 0.
Let us take a (2n+2)-length Dyck path P and a triangle of its area into consideration
(see Fig. 7(a)). This triangle belongs to an elevated Dyck path C of length (2k + 2),
06 k6 n, and following Section 3, is in bijection with a path C′ ∈F2k . Let us denote
the Dyck paths on the left and on the right of C in P by L and R, respectively (see
Fig. 7(b)). We modify the path R by shifting its >rst rise step at its end. We then
concatenate this modi>ed path R, the path L (unchanged) and C′ (see Fig. 7(c)). We
see that this path belongs to F•2n if we distinguish the point where L and C
′ meet.
This construction can be inverted as follows. Let P′ be any path in F•2n (see
Fig. 7(c)). We decompose P′ into three subpaths: path C′ which follows the marked
point; path R′ which starts at the origin of P′ and ends with the rightmost rise step
linking a point with ordinate (−1) and a point with ordinate 0; path L which lies
between R′ and C′. The inversion of the construction described in Section 3 brings the
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Fig. 7. A bijection between triangles forming the area of (2n + 2)-length Dyck paths and paths in F•2n.
path C′ back to the elevated Dyck path C having a >xed triangle of its area and by
shifting the last step of R′ from the last to the >rst position we obtain the path R. The
concatenation of the L, C and R paths brings to a (2n + 2)-length Dyck path with a
pointed triangle in its area.
The number fn=4n+1− 12 ( 2n+4n+2 ) satis>es the recurrence relation fn=4fn−1 +Cn+1
with the initial condition f0 = 1. We use the paths in F•2n to show a combinatorial
interpretation of this recurrence relation.
There is no need to check the equality f0 = 1. Let P be a path in F•2n−2, we can
pass from P to a path in F•2n by adding to its end:
• A pair of consecutive rise steps;
• A pair of consecutive rise and fall steps;
• A pair of consecutive fall steps;
• A pair of consecutive fall and rise steps.
Thus some paths in F•2n are never obtained and they are exactly the paths in G2n with
depth greater than or equal to (−1) and marked in their last point. Instead, these paths
are easily obtained by (2n + 2)-length Dyck paths by removing the >rst rise and last
fall step in each path. Therefore, the number Cn+1 must be added to 4fn−1 in order
to obtain fn that is exactly the cardinality of F•2n.
Example 4.1. A combinatorial interpretation of fn=4fn−1 + Cn+1 on paths in F•2n
(see Fig. 8).
5. A bijection between paths in F•2n and G
•
2n+2
In this section we prove the equality fn= gn+1 by establishing a bijection between
the paths in F•2n and in G
•
2n+2.
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Fig. 8. Obtaining F•2 according to f1 = 4f0 + C2.
Fig. 9. A bijection between paths in F•(0)2n and in G
•
2n+2.
We partition the paths in F•2n into three subsets according to their >nal ordinate. Let
F
•(0)
2n be the set of paths in F
•





contains the paths in F•2n with positive, negative, >nal ordinate. For each of these
subsets we determine a series of actions which make each path in F•2n correspond to
a path in G•2n+2.
5.1. Paths in F•(0)2n
Let P be any path in F•(0)2n (see Fig. 9(a)), L the subpath of P that precedes the
marked point and R the one that follows it (see Fig. 9(b)). The path obtained by the
concatenation of a new rise step, the path R marked in its last point, the path L and a
new fall step (see Fig. 9(c)) is a path in G•2n+2. It is a Grand-Dyck path because it is ob-
tained by the concatenation of two Grand-Dyck paths; the marked point has ordinate 1
because of the added rise step to the beginning of R.
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Fig. 10. A bijection between paths in F•↑2n and in G
•
2n+2.
5.2. Paths in F•↑2n
Let P be any path in F•↑2n (see Fig. 10(a)). We decompose P into three subpaths:
the path L which precedes the marked point; the path C which is the longest path with
>nal ordinate 1, on the right of the marked point; and the remaining sequence of steps
is the path R (see Fig. 10(b)). Since the length of P is even then its >nal ordinate is
also even, say (2y + 2), y¿ 0, therefore the >nal ordinate of R is (2y + 1).
Let us focus on the path R. We draw y horizontal rays to the left from the points
having ordinate (i − 0:5), 16 i6y, at the end of the path. These rays hit the path
for a >rst time at y rise steps as shown in Fig. 11(a). We change these rise steps into
fall steps to pass from R to R′ (see Fig. 11(b)). The path R′′ is obtained by applying
a 180◦ rotation to R′ (see Fig. 11(c)).
The path resulting from the concatenation of the path C marked in its last point,
the path L, two consecutive fall steps and the path R′′ (see Fig. 10(c)) is a path in
G•2n+2. The obtained structure is a Grand-Dyck path because the concatenation of C
and L gives a path with >nal ordinate 1, the path R′′ has >nal ordinate 1 but the two
added fall steps bring the >nal ordinate of the whole structure to 0. The marked point
has ordinate 1 because the >nal ordinate of the path C is 1.
5.3. Paths in F•↓2n
Let P be any path in F•↓2n (see Figs. 12(a) and 13(a)) and P
′ the path obtained
from P by complementing the steps that follow the rightmost point having ordinate
0 in P (see Figs. 12(b) and 13(b)). Following the previous case, let G′ be the path
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Fig. 11. Passing from R to R′′.
Fig. 12. A bijection between paths in F•↓2n and in G
•
2n+2: case (a).
in bijection with P′ ∈F•↑2n (see Figs. 12(c) and 13(c)). In G′ let A be the leftmost
point with ordinate equal to 0 and such that it is followed by a point with ordinate
(−1), on the right of the marked point. The path R′′′ following A satis>es one of these
conditions
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Fig. 13. A bijection between paths in F•↓2n and in G
•
2n+2: case (b).
(a) it lies entirely below the x-axis, therefore it ends with a rise step (see Fig. 12(c)),
or
(b) it ends with a fall step (see Fig. 13(c)).
Let us note that R′′′ cannot lie partially above and below the x-axis and end with a
rise step because it really is the path R′′, obtained by the operations described in
Section 5.2, with an added fall step at its left.
Case (a) appears when the >nal ordinate of the path R in P′ is 1 (according
to the path decomposition of the previous case). The path G ∈G•2n+2 correspond-
ing to P is obtained from G′ by shifting R′′′ to the beginning of the structure (see
Fig. 12(d)).
In case (b) the path G ∈G•2n+2 in bijection with P is obtained by complementing
the sequence of steps in R′′′ making up the shortest and rightmost Dyck path (see
Fig. 13(d)).
In order to show that the above described constructions de>ne a bijection between
F•2n and G
•
2n+2 we must be able to invert them.
Let G be any marked path in G•2n+2 and Q its leftmost point with ordinate (−1)
and lying on the right of the marked point. Each path G in G•2n+2 belongs to one and
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Fig. 14. The shape of G∈G•2n+2 satisfying the conditions of case 1.
Fig. 15. The shape of G∈G•2n+2 satisfying the conditions of case 2.
only one of the following cases:
1. Q does not exist and G starts with a rise step;
2. Q exists and G ends with a fall step;
3. Q does not exist and G starts with a fall step;
4. Q exists and G ends with a rise step.
Let us study these four di@erent cases.
5.3.1. Case 1
Let G ∈G•2n+2 satisfying the conditions of case 1 then its shape is necessarily the one
sketched in Fig. 14. Since Q does not exist in G, the path following the marked point
has depth equal to (−1) and ends with a fall step. Let R be the path that precedes the
marked point deprived of the initial rise step and L the one that follows the marked
point deprived of the >nal fall step. The concatenation of the path L marked in its last
point and the path R gives a path in F•(0)2n .
5.3.2. Case 2
Let G ∈G•2n+2 satisfying the conditions of case 2. The path C preceding the marked
point has no depth constraint, the path L follows C in G up to the point with ordinate 1
which comes immediately before Q (this point necessarily exists), and the path R′′
follows Q (see Fig. 15). Let us note that the depth of L is greater than or equal to
(−1) otherwise the point Q is not well-de>ned. We perform on R′′ the operations
described in Section 5.2, and shown in Fig. 11, in the reversed order so obtaining a
path R. The path obtained by the concatenation of the path L marked in its last point,
the paths C and R belongs to F•↑2n .
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Fig. 16. The shape of G∈G•2n+2 satisfying the conditions of case 3.
Fig. 17. The shape of G∈G•2n+2 satisfying the conditions of case 4.
5.3.3. Case 3
Fig. 16 shows the shape of a path G ∈G•2n+2 belonging to case 3. The path following
the marked point yields the same consideration of case 1. We decompose G into three
subpaths: the path R′′ which runs from (1;−1) to the following point with ordinate
0 (R′′ lies below the x-axis), the path C which follows R′′ in G and runs up to the
marked point, and the path L which follows the marked point and is deprived of the
>nal fall step. By proceeding as in case 2, we determine a path P′ in F•↑2n , and the
path P ∈F•↓2n in bijection with G is obtained from P′ by complementing the steps that
follow its rightmost point having ordinate 0.
5.3.4. Case 4
Fig. 17 shows the shape of a path G ∈G•2n+2 belonging to case 4. We decompose
G into three subpaths, namely C, L and S, by proceeding as in case 2 and observing
the same properties as for the paths C and L. Since G ends with a rise step, the
negative path Z that follows the rightmost intersection point of G with the x-axis but
one is well-de>ned. Let R′′ be the path obtained from S by complementing Z . Once
determined the paths C, L and R′′, we proceed as in case 3, to obtain the path P′ ∈F•↓2n
which is in bijection with G.
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